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In the determination of wall heat flux, three different types of
grid arrangements (namely, uniform, nonuniform, and de-
forming grids) were used in conjunction with the above-men-
tioned Newton-Raphson iteration procedure. An iterative
index is included in the computer program to count the number
of iterations necessary to achieve desired accuracy in the mini-
mization of the function \F\. In each case, 11 nodes and a time
interval of 1 s are taken for computational purposes. In the
case of nonuniform grid, 5 meshes are stretched near the con-
vectively heated surface of the slab while the remaining mesh
covers the rest of the region. Figure 1 shows the mesh move-
ment at each time interval using the heat penetration depth
concept. The numerical computations have been performed on
a CDC 170/730 digital computer. The convective heat-transfer
coefficient can be calculated as

h = qw/(Taw — Ts) (14)

where Ts is the surface temperature. Table 1 depicts predicted
values of wall heat flux, surface temperature, and convective
heat-transfer coefficient using the three different kinds of grid
arrangements. It can be seen from the table that for / < 6 s, the
heat-transfer coefficient obtained using the deforming grid
strategy is in good agreement with the calculated results of
Bartz.11 Thus, the current numerical analysis shows that the
moving-grid finite-element formulation gives an adequate
modeling of the transient steep gradient of wall heat flux near
the boundary of the heated surface. But for t > 6 s, fixed and
deforming grid results tend to coincide since spatial grids
become identical, as shown in Fig. 1. The estimated values of
heat-transfer coefficient calculated using three different type of
grid arrangements are somewhat lower than the calculated
results of Bartz for t > 6 s. The predicted value of the heat-
transfer coefficient shows that the Bartz equation gives a
conservative estimation of the heat-transfer coefficient. This is
also demonstrated in the previous analysis.12 The maximum
number of iterations per step are 11 and 8 for the uniform and
nonuniform grids, respectively, whereas it is reduced to 4 itera-
tions per step in the case of deforming grid. This example thus
reveals that the deforming grid is economical in terms of CPU
time compared to the other type of grid arrangements. This
example also demonstrates that the arbitrary mesh deforma-
tion can be conveniently accommodated in the solution to the
inverse problem of heat conduction. It is also important
to mention here that geometrical conservation is maintained
using nonuniform and deforming grids in the analysis because
the numerical computations are carried out in the physical
plane.

Conclusions
A mesh coupling thermal conductivity matrix with deform-

ing finite-element formulation with heat penetration depth con-
cept is found useful to treat the initial time delay in
temperature response. The deforming grid procedure has
shown itself to reduce substantially the number of iterations
per step to achieve the required tolerance in the analysis of the
inverse heat-conduction problem.
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Introduction

T HE lumped-heat-capacity technique has long been used
to predict transient thermal behavior of solids when the

Biot number is small compared to unity.1 A small Biot number
implies a negligible spatial temperature variation within the
solid. This method, when applicable, is simple and powerful
because it may be applied to any geometry.

In this work, a quasi-steady-state model is considered for
solids with internal heat generation and arbitrary Biot
number. It is assumed that the temperature profile in the solid
at any instant in time is similar to that of the steady state. The
basis of this approach has been explained by Arpaci2 and
parallels that for thermally fully developed internal flows. A
fully developed regime has been identified for unsteady
conduction in solids with convective boundary conditions, but
without heat generation.3 Here, we consider the presence of a
heat source, the steady state becomes analogous to fully
developed internal flow, and the temporal behavior of the
temperature field is contained in the behavior of the mass-
averaged (bulk) temperature. The approach will be shown to
be more accurate than the lumped-heat-capacity technique
and is easily applied to solids with arbitrary shapes.
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Analysis
The problem considered here is that of an arbitrarily shaped

solid with a volumetric heat source Q that is exposed at its
surface to a fluid at Tf with heat-transfer coefficient h. An
overall energy balance on the solid of volume V and surface
area As gives

(1)

where T is the volume-averaged temperature, and t is time.
The average surface temperature Ts is defined as

hAs(Tff-Ts) = h(Tf-Ts)dAs (2)

In Eq. (1), p and cp are the density and the specific heat of the
solid. Equation (1) is exact; no approximation based on the
magnitude of the Biot number has been introduced. To obtain
a solution to Eq. (l^though, some knowledge of the relation-
ship between T and Ts is needed. The shape of the temperature
profile at any instant in time is taken to be similar to that of
the steady-state solution (hence quasisteady approximation).
By defining a temperature profile shape factor /3 as

(3 = (T - TfV(Ts - Tf)

= (T. - 7»/(T500 - 7» (3)

with the steady-state solution designated by a subscript oo.
Equation (1) can be written as

PCPV
d(T-7»

(4)

Equation (3), which is useful in assessing the error in assign-
ing T = Ts for Biot numbers that are not small, approaches
the lumped-heat-capacity condition in the limit as Bi^Q. In
this limit, /3—>!, TS-+T, and the single-temperature approxi-
mation becomes exact. For example, Midkiff and Altenkirch4

used Eq. (3), when applied to a spherical geometry, to approx-
imate the error involved in taking the volatiles concentration
within a devolatilizing coal particle to be uniform for mass
transfer Biot numbers of order of unity.

Let T0 be the initial steady-state average temperature_ for_a
solid with an internal heat source Q0. Also, let 6 be T — ~T0
such that a 6 different from zero is due to a perturbation of Q0
equal to AQ at time zero. From Eq. (4), 6 then satisfies

(5)

where k and a are the thermal conductivity and thermal
diffusivity, and the characteristic length £ is defined as

(10)

Equation (7) can be rewritten in terms of a characteristic
time as

0 = 0*, [l-exp(-T/rc)]

where the characteristic time rc is defined as

rc = 0/Bi

(11)

(12)

The temperature profile shape factor may be calculated by
invoking the energy balance at steady state.

hAs(Tsoo-Tf) = (13)

Substituting Eqs. (3) and (13) in Eq. (12) results in a relation
for the characteristic time:

rc = (To. - 7})/(e*2/*) (14)

Results and Discussion
Here we compare present technique to the lumped-heat-

capacity method and to the exact results for the geometries of
a slab, an infinite cylinder, and a sphere. For these standard
geometries, exact solutions exist for the transient and the
steady-state situations.5 For these three geometries

m = l:slab, 2:cylinder, 3:sphere (15)

where R is the slab half-thickness or the radius of the cylinder
or the sphere; the characteristic time is

rr = Bi [m/(m +2)] (16)

Uniform Heat Source
Figures 1-3 show the normalized, average temperature as a

function of dimensionless time for three values of the Biot
number for a slab. No result is given for Biot numbers less
than unity because both the present technique and that of
lumped-heat-capacity compare favorably with the exact solu-
tion. In Fig. 1, the exact result and the present work coincide
within the resolution of the line drawing. The maximum
difference between these two is less than 1%. It is seen from
these figures that the present results compare rather satisfacto-
rily with the exact results, whereas the lumped-heat-capacity
model does not compare well with either as the Biot number is

with the initial condition

0-0, at t = 0 (6)

Equations (5) and (6) may be easily solved to obtain

1 - exp -Bif
(7)

where 0^ is the steady-state solution for the perturbed volu-
metric heat source and may be obtained by setting d6/dt = 0
in Eq. (5) and solving for 6. Because 0^ is geometry-depen-
dent, it is not given here in detail in order to maintain
generality. The Biot number Bi and the dimensionless time r in
Eq. (7) are defined as

Bi = hl/k

r = ott/t2

(8)

(9)
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increased. For example, a Biot number of 10, at a dimension-
less time of 0.25, the lumped-heat-capacity method predicts
results more than 100% larger than the exact analysis, whereas
the present work gives a result that is only 6.1% larger than
the exact result. This agreement becomes less satisfactory as
the Biot number increases. The difference between the present
work and the exact solution, however, is bounded as the Biot
number approaches infinity. Figure 3 shows the results for a
Biot number of infinity, which implies that the boundary
condition at the interface is one of prescribed temperature
rather than of heat convection. It is seen from this figure that
the present technique is satisfactory even for an infinitely large
Biot number.

Results similar to Figs. 1-3 have also been obtained for an
infinite cylinder and a sphere. The general trend is the same as
for a slab. The agreement between the present work and the
exact results, however, is slightly better for a slab than it is for
an infinite cylinder or a sphere. To show this more clearly,
Fig. 4 depicts the difference between the present technique and
the exact result as a function of dimensionless time for all the
geometries considered here. Figure 4 is drawn for an infinitely
large Biot number where the error is largest. It is seen from the
figure that the present technique is most accurate for the slab
geometry, and the largest error at any time is less than 25%.
A typical error is about 5-10%.

The fact that the present method yields satisfactory results
indicates that an approximate similarity exists in the transient
behavior of solids with an internal heat source. That is to say,

the temperature profile at any time may be written approxi-
mately as

o) - T(x90)] [1 - exp(-r/rc)] (17)

where T(x,oo) is the steady-state temperature profile.

Nonuniform Heat Source
Equation (14) is valid for the case of a uniform heat source.

It is useful to examine the accuracy and applicability of this
equation to cases with a nonuniform heat source. For the pur-
pose of illustration, we examine here the approximate equa-
tion governing thermal explosions.6'7 In this equation, the heat
source varies exponentially with the temperature according to

Q - d exp(0) (18)

where 6 is the pre-exponential factor (Damkohler number).
For this heat-source distribution, we no longer can use
Eq. (14) unless Q is replaced by some average heat source.
Alternatively, we may use Eq. (3) to evaluate 0 and use
Eq. (12) to calculate the characteristic time TC.

To apply the present technique to the thermal explosion
problem, we need the steady-state temperature profile. The
conduction equation with a heat-source term of the form of
Eq. (18) does not admit a closed-form solution, and so we
solved it numerically. Once the steady-state profile is known,
the characteristic time may be calculated from Eqs. (12)
and (3).

Figure 5 shows the result of such a calculation. It is seen that
the characteristic time is not strongly dependent on the
coefficient in the heat-source term, indicating that Eqs. (16)
and (17) also hold for the case of a nonuniform heat source.
As 6 approaches zero, the characteristic time approaches that
obtained from Eq. (16). It may be noted that above some 6, no
steady-state solution exists, and thermal runaway or explosion
occurs.7 No results are given beyond these values of <5, which
may be found in Glassman.6

Other Geometries
An interesting feature of this method is that it may be easily

applied to irregular geometries. To demonstrate the appli-
cability of the present technique to irregular shapes, a paral-
lelepiped with variable aspect ratio a is selected. In performing
the comparison between the present method, the exact results,
and the lumped-heat-capacity technique, we also choose for
comparison two traditional approximate methods normally
used with irregular shapes.

The first method is inspired by the product rule applied in
transient conduction.1 An infinite parallelepiped with dimen-
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sions of 1 x a is divided into two infinite slabs with dimensions
of 1 and a (say in the x and y directions). Subsequently, the
characteristic time of each slab is calculated from Eq. (16),
noting that these times are based on different characteristic
lengths. Once converted to dimensionless times based on the
characteristic length of the parallelepiped, the product rule
may be written as

'r. Y ' 'r v (19)

where TC>X and Tc>y are the characteristic times for the infinite
slabs in the x and y directions. Before applying the product
rule to our present technique, we should examine its accuracy.
We compared the exact solution for a parallelepiped of
dimensions I x a with the product rule [Eq. (19)] applied to
the exact solution for two slabs with dimensions 1 and a. The
maximum error, over the range of a = • !—>oo, was less than
1% with a typical error of less than 2%. This excellent
agreement suggests that the product rule, although not exact,
is a good approximation.

Next, we apply the product rule to the present technique.
For the particular case of an infinite parallelepiped with an
aspect ratio of a and B/^oo, Eqs. (16) and (19) yield

for Bi —• oo (20)

Equation (20) is shown in Fig. 6. In this figure, the exact
characteristic time, obtained numerically, is plotted as a
function of aspect ratio for an infinitely large Biot number. As
can be seen, Eq. (20) is close to the exact result; the maximum
error is about 15%.

A second method that may be used to circumvent the
requirement that the steady-state temperature for a particular
geometry be known, is to equate any geometry to one of the
more common geometries, i.e., a slab, an infinite cylinder, or
a sphere, while maintaining a constant characteristic length L
The result of such an approximation for a parallelepiped is
shown in Fig. 6. In this figure, the constant-^ approximation,
i.e., equating a parallelepiped to an infinitely long slab while
keeping the characteristic length t constant, is shown. Al-
though the approximation is more satisfactory for large aspect
ratios, it results in large errors (as much as 100%) for small
aspect ratios. It should be mentioned that the lumped-heat-
capacity method yields rc —oo for Bi^oo.

Figure 6 also includes the present approximation, Eq. (14),
applied to a rectangular parallelepiped. It is seen that the
present method is in good agreement with the exact results.
Although the product rule seems to be a better approximation,

it should be noted that the product rule is applicable only to
those geometries that are separable into standard geometries
for which exact steady-state solutions are available. The
present technique, however, applies to any geometry and only
requires information regarding the steady-state average tem-
perature.

Summary and Conclusions
A method has been presented that allows the transient

thermal behavior of solids with an internal heat source to be
predicted approximately for any Biot number. The method,
similar to that used for thermally fully developed internal
flows, is an improvement over the lumped-heat-capacity
approximation in that it yields satisfactory results, even for
large Biot numbers, where the lumped-heat-capacity approxi-
mation is not valid. Although development of the method
requires that the heat source be uniform throughout the solid,
results computed for a nonuniform heat source appear to be
satisfactory. A treatment similar to the well-known product
rule used in transient conduction is introduced in order to
extend application of the method to geometries other than
those of a slab, an infinite cylinder, or a sphere. The present
method was also tested for irregular geometries, and the
comparison with the exact solution was satisfactory.
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